We discuss the property of a.e. and in mean convergence of the Kohonen algorithm considered as a stochastic process. The various conditions ensuring the a.e. convergence are described and the connection with the rate decay of the learning parameter is analyzed. The rate of convergence is discussed for different choices of learning parameters. We proof rigorously that the rate of decay of the learning parameter which is most used in the applications is a sufficient condition for a.e. convergence and we check it numerically. The aim of the paper is also to clarify the state of the art on the convergence property of the algorithm in view of the growing number of applications of the Kohonen neural networks. We apply our theorem and considerations to the case of genetic classification which is a rapidly developing field.
Introduction
Data clustering ( [1] - [5] ) is a basic technique in gene expression data analysis since the detection of groups of genes that manifest similar expression patterns might give relevant information. Therefore it is important to have a good control on the properties of clustering algorithms. The Kohonen algorithm ( or Kohonen neural network)( [6] - [8] ) is currently used in this field. The Kohonen neural networks are different from the other neural networks like back propagation or the Hopfield model ( [9] - [12] ). The main difference is that there is only a single layer of units ( named neurons) and the output of the network is just a vector or a scalar associated with each neuron called weight vector. These networks are commonly used for classifying sets of experimental data. The weight vector associated with the neuron represents a characteristic vector of a certain subset of the data. The set of these subsets constitutes a disjoint partition of the measures. The sets of the partition are also called clusters and in the applied science there are many different algorithms which construct clusters from a data set. Many of these algorithms have the drawback that they depend on arbitrary choice of some parameters and therefore the clustering results might be non unique. The main feature of clustering by means of the Kohonen algorithm is that it depends only on the choice of a special function, the learning parameter, which has been extensively characterized. The process of individuation of the weights is called the learning process and the Kohonen algorithm is a special learning process. This algorithm consists in extracting at each time step n a number or a vector from the data set and subsequently the nearest weight to this data is modified of a quantity proportional to the difference among these two vectors multiplied by a parameter. This parameter is the learning parameter, and it must decrease with n. The convergence of the learning process strongly depends on the rate of decay of the learning parameter and the investigation of this point is one of the main topics of this paper. An important characteristic of the Kohonen algorithm is the Self Organization(SO) which can be understood as the fact that the sequence of the weights converges to a unique limit independently from the chosen sequence of the data presented to the network and from the initial values of the weights. In the language of the stochastic processes we can express this fact by observing that the sequence of the weights is a stochastic process and SO is equivalent to the a.e. convergence of the learning process. This property is rather strong and it is supposed to hold in many applications of the Kohonen networks but unfortunately it is not trivial at all. This is especially true for genetic application where the set of clusters (atoms) describes different cell conditions or different genes function. In order to have a real biological meaning the classification should be independent on the initial conditions of the weights and from the input sequence. So it is worth investigating, both theoretically and numerically, the connection among the a.e. convergence and the possible choices of the learning parameter η(n) and the different versions of the Kohonen algorithm. There are already many important results on this subject ( [13] - [28] ). All these results show that there is a critical dependence of the a.e. convergence on the probability distribution of the data, on the choice of the learning algorithm and on the velocity to approach zero by η(n) . In this paper we generalize the results obtained in the paper of Feng and Tirozzi ( [25] ) relaxing the condition on the convergence of the series n η(n) 2 ( but of course it is assumed that η(n) → 0), so only the condition n η(n) → ∞ remains. The condition n η(n) 2 < ∞ is used in all the other versions of the theorems of convergence, but we have verified numerically that it implies a too rapid convergence to zero of the learning parameter. So the good decrease rate for η(n) is to go to zero more slowly than 1/n.But our theorem does not exclude the 1/n decay rate since it also satisfies the condition n η(n) → ∞. Thus this theorem gives a support to the property of a.e. convergence for the right decay of η but it is uncompleted because we cannot show that the stronger condition n η(n) 2 < ∞ spoils the a.e. convergence. The previous results also are troublesome because we are faced with the fact that a theorem with a defined proof of convergence does not correspond to the numerical simulations. The only thing we can say is that at least our version of the convergence theorem picks the right decrease property. There is a well known general explanation about the right choice of the rapidity of the learning parameter decay which is connected with the existence of meta-stable points. In analogy with the Simulated Annealing (SA) we can say that the learning parameter corresponds to the temperature and it is a well known fact that a too rapid decrease of the temperature in the SA makes the algorithm stop on the local minima of the energy function. The unlucky situation is that in the case of the Kohonen algorithm there is no such a function. In many proofs of the convergence one can find some functional with a similar property but they are not the energy or the Liapunov function. The other important question tackled in this paper is about the rate of the convergence of the algorithm: since the condition n η(n) → ∞ can be satisfied by many different η(n) we compare the different choices analyzing the velocity of approach to the limit of the corresponding algorithm. This question is important in any case but has special relevance in gene clustering where the data set is the set of expression levels of M genes, M being rather large thank to the application of the microarrays technique. The meaning of M in our construction is the maximum number of iterations of the learning process. Another question considered in this paper is the analysis of the relation of the a.e. convergence with the probability distribution of the data and also with the different versions of the Kohonen algorithm. We then apply all these results to the problem of clustering and classifying the great number of genes revealed in the microarrays experiments. The possibility of applying clustering algorithms ( not only the Kohonen algorithm) in genetics appeared with the development of the DNA microarrays technology. The micro-array allows to monitor simultaneously the expression levels of thousands of genes during important biological processes. Elucidating the patterns hidden in the gene expression data is a tremendous opportunity for functional genomic. However, because of the large number of genes and complexity of biological networks, it is difficult to interpret the resulting mass of data; so the clustering techniques become essential in data mining process for identifying interesting distributions and patterns in the underlying data. Clustering algorithms have simplified the grouping of genes with similar biological expression. Co-expressed genes found in the same cluster suggest functional similarities. Gene clustering also becomes the first step to uncover the regulatory elements in transcriptional regulatory networks. Co-expressed genes in the same cluster might be involved in the related cellular process and strong expression pattern correlation between those genes suggests co-regulation. There is a large literature on cluster analysis and genetic one ([1] - [5] ); numerous approaches were proposed on the basis of different quality criteria and not all the algorithms are well founded. In addition the results of the algorithms depend strongly on many arbitrary choices, for example on the initial conditions and the value of the threshold. The main topic of the last section of this paper is an application of the Kohonen algorithm to a concrete problem of gene classification. The aim is to find the genes which are over expressed during the treatment of tumor cells of mice using a clustering technique that has the minimum arbitrary choices. The analysis made in the first sections of this paper convinced us to use the Kohonen algorithm. We compare the results obtained with the Kohonen algorithm to this problem with the ones obtained using the PCA (Principal component analysis) and Hierarchical clustering algorithm ( [30] ). This is the first step of a larger work of comparing the results of gene classification obtained by means of different algorithms. We think that this work is necessary in order to validate the gene clustering. Another important issue is the variability of the expression levels of genes obtained by different samples which cannot be considered equal. For economic and time reasons it is difficult to have more than three biological realizations of the experiment and this is the origin of an error in the data. The errors influence the structure of the clusters so it is possible that a gene changes cluster if we take into account this error in the analysis. In our work we have included explicitly this effect and evaluated its influence on the results. The structure of the paper is the following. In Section 2, after a short intuitive introduction, we show the algorithm and explain its properties using a precise mathematical formulation, enunciate the theorems and give the proofs . In Section 3 we show the results of the numerical simulations. In Section 4 we show the applications to the mice data and our results. In Section 5 we give our conclusions.
The Kohonen Network

An intuitive description
The Kohonen Network ( [6] - [8] ) is formed by a single layered neural network. The data are presented to the input and the output neurons are organized with a simple neighborhood structure. Each neuron is associated with a reference vector ( the weight vector), and each data point is "mapped" to the neuron with the "closest" ( in the sense of the Euclidean distance) reference vector. In the process of running the algorithm, each data point acts as a training sample which directs the movement of the reference vectors towards the value of the data of this sample. The vectors associated with neurons, called weights, change during the learning process and tend to the characteristic values of the distribution of the input data. The characteristic value of one cluster can be intuitively understood as the typical value of the data in the cluster and will be defined more precisely in the next subsections. At the end of the process the set of input data is partitioned in disjoint sets ( the clusters) and the weight associated with each neuron is the characteristic value of the cluster associated with the neuron in one dimensional case, which is the case of interest to us. We limit our analysis to this case because the condition of convergence of the algorithm is easier to check, the cluster of the partitions are easier to visualize and it is not difficult to compare the behavior of the genes in the clusters corresponding to the different biological conditions. Each neuron individuates one cluster, the physical or biological entities with measure values belonging to the same cluster are considered to be involved in the same cellular process. Thus the genes with expressions belonging to the same cluster might be functionally related. The following points show the main properties which make the Kohonen network useful for clustering :
1. Low dimension of the network and its simple structure.
2. Simple representation of clusters by means of vectors associated with each neuron.
3. Topology of the input data set is somehow mapped in the topology of the weights of the network.
4. Learning is unsupervised.
Self-organized property
The points 1)-2) are simple to understood and many examples are shown in the Section 3. The point 3) means that neighboring neurons have weight vectors not very different from each other. The point 4) means that there is no need to have an external constraint to drive the weights towards their right values beside the input to the network and that the learning process finds by itself the right topology and the right values. This holds only if the learning process with which the network is constructed converges a.e. or if the mean values are taken. The self-organization is formulated in the current literature referring to some universality of the structure of the network for a given data set. It is connected to the point 3) and is also a consequence of a.e. convergence or of the convergence of the average of the weights over many different learning processes.
Exact definition
In this subsection we give the definitions using exact mathematical terms. We restrict ourselves to the particularly simple one dimensional case which is the most interesting for our applications. First we show how the Kohonen network is used for classification and then what is the process of its construction. Let I = I 1 , ., I N be a partition of the interval (0, A) of the possible values of the expression levels in the intervals I i , i I i = (0, A) and I i I j = 0. Suppose that the construction of the Kohonen network has been already done and the I i are the clusters. Let ω i , i = 1, N be the weights or the characteristic values of the clusters which will be exactly defined below. Then a data ξ is said to have the property i if ξ ∈ I i . The classification error is |ξ − ω i | Then the global classification error E of the network is
where f (ξ) is the density of probability distribution of the input data and T = N i=1 |I i |,with |I i | is the number of data in the set I i . The partition I = I 1 , ., I N is optimal if the associated classification error E is minimal. The characteristic vectors ω i are the values which minimize E. Before giving exact definitions let us explain in simple terms the procedure for determining the sets I i and the associated weights ω i . Let x(1), . . . , x(P ) be a sequence of values randomly extracted from the data set, distributed with the density f (x) and take randomly the initial values ω 1 (0), ..., ω N (0) of the weights. When an input pattern x(n), n = 1, .., P , is presented to the network all the differences |x(n) − ω i (n − 1)| are computed and the winner neuron is the neuron j with minimal difference |ξ(n) − ω j (n − 1)|. The weight of this neuron is changed in a way defined below, or, in some cases, the weights of the neighboring neurons are changed. Then this procedure is repeated with another input pattern x(n + 1) and with the new weights ω i (n) until the weights ω i (n) converge to some fixed values for P large enough. In this way we get a random sequence ω(n) = (ω 1 (n), ..., ω N (n)) which converges a.e, under suitable conditions on the data set, with respect to the choice of the random sequence of data and the random choice of the initial conditions of the weights, n is the number of iterations of the procedure. The learning process is the sequence ω(n) and the S.O. (self-organizing property) coincides in practice with the almost everywhere convergence of ω(n). The learning process converges somehow to the optimal partition in the Kohonen algorithm. In fact the algorithm can, with some approximation, be viewed as a gradient method applied to the function E:
In one dimension the Kohonen algorithm in the simplest version of the winner-take-all case is :
2. Choose randomly at the initial step (n = 0) the ω i ( 0 ≤ i ≤ N ).
3. Extract randomly the data ξ(1) from the data set.
Compute the modules
is the minimum distance. v is the winner neuron 6. Update only the weight of the winner neuron:
One of the basic property of the Kohonen network is that the weights are ordered if the learning process converges. We remind the definition of the order of a one dimensional configuration:
the order holds also for the other inequality
The ordering property is:
If the Kohonen learning algorithm applied to one dimensional configuration of weights converges the configuration order itself at a certain step of the process. The same order is preserved at each subsequent step of the algorithm This property allows to check when the algorithm converges since the final configuration of weights must be also ordered and it is a necessary property for a.e. convergence. We also check the remarkable property proved by Kohonen ([6] - [8] ) that the mean process ω(n), i.e. the process obtained by averaging with respect different choices of the sequence x(1), ...x(P ) is always converging. But for getting the a.e. convergence from the convergence of the mean values additional hypothesis must be used and the discussion and the applications of these results to a case of genetic classification is the main topic of this paper.
General formulation
We describe now the Kohonen algorithm in more general terms for allowing the treatment of all the possible cases. The Kohonen network is composed by a single layer of output units O i , i = 1, ...N each being fully connected to a set of inputs
is associated with each neuron. n indicates the n-th step of the algorithm. We assume that the inputs ξ j (n),j = 1, ..., M are independently chosen according to a probability distribution f (x). For each input ξ j (n),j = 1, ..., M we choose one of the output units, called the winner. The winner is the output unit with the smallest distance between its weight vector ω v (n) and the input
where ||.|| represents Euclidean norm. Let I(., .) be the function
where I A is the characteristic function of the event A, i.e, I A (x) = 1 if x ∈ A and I A (x) = 0 if x ∈ A. This function selects the event in which the weight of the neuron v is the nearest to the input data ξ(n) and it is necessary for writing the learning process in a compact form. The generalized Kohonen algorithm updates the weights of the neurons belonging to a given neighbor of the winner neuron:
where η(n) is the positive learning parameter η(0) < 1, η(n) ≥ η(n + 1) and Γ(i, v) is a non increasing function of |i − v|, the distance among the neuron i and v on the lattice where the neurons of the network are located. This version is more general than the winner-take-all rule explained before. Not only the weight of the winner neuron is updated but also the weights of the neurons which belong to a neighborhood defined by the function Γ(i, v). We discuss various choices of the function Γ(i, v) below. After the learning procedure is finished, the set of input vector will be partitioned into non overlapping clusters. This means that a new signal ξ(n + 1) is classified as the pattern i if and only if
Let us introduce the definition of Voronoi tessellation Π(y) = (Π(y) i , i = 1, ...N ) associated with a family vectors y 1 , ..., y N ∈ Ω , Ω being a given compact of R M .
Definition 2.1. For a given compact subset Ω ∈ R M , the Voronoi tessellation Π(y) = ( Π(y) i , i = 1, ..N ) associated with a family of vectors y 1 , ...., y N is the partition of Ω:
Therefore a Voronoi cell of an unit i contains those vectors which are closer to the weight ω i than to the other weights. The characteristic values mentioned before are the limit of the sequences of the vectors ω i (n) defined by the above algorithm and are weights of the Voronoi tessellation obtained in the limit. A crucial point of the algorithm is the choice of the neighborhood function Γ(i, v) of the winner neuron. It determines the region around the winner neuron where there are the neurons which update their weight vectors together with the winner neuron. A convenient choice is the finite region of activation of the winner neuron, i.e. Γ = Λ where :
where |.| represents the distance between the neuron i and the winner neuron v. If s = 1 and the neural network is one dimensional, the region of activation includes the winner and the two nearest units (figure 1); if the network is designed in two dimension then the range includes the eight nearest neighbor units near the winner . If Λ(i, v) = δ iv the algorithm coincides with the winner takes all algorithm we described in the previous section. Another choice, often used in the applied research, for the neighborhood function Γ is a gaussian 6 function h defining a region around the winner neuron with amplitude decreasing with the number of iterations of the learning process:
where σ(n) is a decreasing function. A commonly used choice is:
where n max is maximum number of iterations of the algorithm and σ f , σ i are respectively the final and initial value of the parameter σ(figure 2).
The theorem of convergence
The first result about the algorithm convergence was found by Kohonen ([7] ). He concentrated on one-dimensional mapping and demonstrated that the weights converge in mean to the limit values. Although the result is enunciated as a.e. convergence in this paper only the convergence in mean is proven. The convergence in mean is obtained by making the average of the weights on many different sequences of patterns x(n). The ordering of the weights has been proved in ( [7] ) for the winner-take-all process. In the paper of Erwin et al. ([16] , [17] ) there is a proof of ordering for one-dimensional case which holds for any neighborhood function which is monotonically decreasing with distance and in the case of non uniformly distributed input. Many other authors ( [13] , [19] , [21] , [22] , [23] , [25] , [28] ,) investigated the convergence properties of the Kohonen algorithm in one and more dimensions, someone by viewing the weight values as states of a Markov process, others using the ordinary differential equations for the mean values of the network. But the main results have been limited to one dimensional map where the property of order is valid and under certain conditions on η(n), the expectation of the values weights converges to a unique value. The existence and uniqueness of the minimum is ensured by the existence of a unique minimum of some functional, but the existence of the minimum is difficult to check for non uniform distribution of the input values especially in the multidimensional case. In more than one dimension, despite the robustness of the algorithm which has been used successfully in many different application area, there is still no proof of a necessary and sufficient condition for the convergence of the algorithm. There are proofs of sufficient conditions and only a few for the multi dimensional case, see for example Feng and Tirozzi ( [25] ), Lin and Si ( [19] ), Sadeghi ([23] ). Lin and Si have shown that the distribution of the weight values converge to a stationary state introducing and studying the same objective function proposed by Ritter and Schulten [21] . In the paper of Feng and Tirozzi the convergence problem of the Kohonen feature mapping algorithm has been proven by using stochastic approximation theory. But in all these papers the rate of decrease of the learning parameter is too fast and so these theorems are contradicted by numerical results. Only in the paper of Feng and Tirozzi it is mentioned explicitly that the rate of decrease of the learning parameter of these theorems is too fast and there is a proposal for a slower decay. In this paper we proof that there is a.e. convergence if the rate is the one of numerical simulations, but we can show only the sufficiency of this condition. Moreover a condition of the existence of a global attractive minimum is always required. If there is no global minimum there is no a.e. convergence and the algorithm remains stacked, as in the case of simulated annealing, in some points which might not even be ordered and then the convergence is obtained only by averaging with respect to the sequences of learning examples, which is happening for the genetic data in general. Now we start to expose the definitions and concepts used in our proof. We first explain the definitions used in the book of Nevel'son and Has'minski ( [20] ) which will be used in the proof of our main theorem. Let ξ(k), k ≤ n be the sequence of random patterns presented to the network during the learning and F n the σ-algebra generated by them, E(ζ|F n ) is the conditional expectation of the random variable ζ with respect to the sigma algebra F n . Our aim is to prove that the process of the weights ω(n) converges to a certain set B ⊆ R N ×M (the limit set), so we need the definitions summarized in the following list:
2. A distance from the point ω(n) and the set B: ρ(ω(n), B) = inf y∈B ρ(ω, y).
3. An ε neighborhood of B, U ε (B) = {ω : ρ(ω, B) < ε}.
The complementary set of this neighborhood
5. The intersection of the complementary set with a sphere of radius R:
7. An operator LW (n, ω) = E (W (n + 1, ω(n + 1)) − W (n, ω(n))|F n ) defining a kind of first difference of the Lyapunov function by means of conditional expectation.
8. A negative function g(n, ω) used for bounding the increments of the Lyapunov function
for all R > ε > 0 and some Q = Q(ε, R).
Let us briefly comment these definitions. 1) As we have seen before ω i and y are R M vectors and since we have to compare their difference it is necessary to introduce the module of these vectors. 2) In the general case the limit point might be a set so the distance of a point from a set must be defined.
3) As is usual in the theory of limits one needs to find a neighborhood U ε (B) of the limit points B which differ from B by a small portion. 4) It is also necessary to introduce the complementary set V ε (B) of this neighborhood. 5) For doing the estimates of asymptotic limits of series or functions it is useful to introduce a spherical subset V (B) ε,R of V ε (B). 6) In analogy with the theory of stability in order to show the convergence of a trajectory of a dynamical system it is useful to have a Liapunov function and compute its increments. In this case we do not have an usual dynamical system but a stochastic sequence. 7) The consequence of this fact is that the derivative ( or increments) of the Liapunov function is not the usual one but is a conditional expectation. The convergence holds for the sequence W (n, ω) as a consequence of Doob's theorem of convergence for martingales but it is difficult to use the concepts of local and global minimum in this situation. In our theorem the concept of global minimum in the classical sense is introduced but for the bounding function g(n, ω). We will use this theorem of ( [20] ) in our proof of the a.e. convergence: Theorem 2.1. Suppose that there exist a function W (n, ω) ≥ 0 such that:
where n ≥ 0, ω ∈ R N ×M and g the function which satisfies the above statement (2.3.5) Moreover let :
and:
Then, considering the previous definitions:
We can say that a random process ω(n) converges a.e. to a limit set B if it is possible to find a Liapunov function W (n, ω(n)) of the process such that the conditional expectation of its increments are less than a function g(n, ω) multiplying the learning parameter η(n), then ω(n) converges to B, if the function g is negative in a certain spherical neighborhood of B and if the learning parameter decreases not so quickly. So it is enough that lim n→+∞ η(n) = 0 in order that the a.e. convergence of the weights holds. The interesting fact is that the stronger condition
is not introduced. The result of this theorem is neat because the condition
is the one used in the numerical applications. In Section 3 we will give many examples of "good" and "bad" decay of η(n). The choice of η(n) is important also for the speed of convergence of the process. Another key role for the a.e. convergence is the form of the probability distribution of the data as it will be clear from the theorem we present below. In order to understand it we need other definitions. Let us introduce a function g which is the leading term of the super martingale difference given in the proof of theorem 2.2. It is a particular realization of the function g used in the theorem of Nevel'son and Has'minskii:
where
f is the density of the probability distribution of the data with support on a compact set Ω of R M , Π(y) is the Voronoi tessellation associated with y (see (2.3.3)).
We define also: Θ ≡ {the set of all V oronoi tessellations associated with {ω 1 (n), ..., ω N (n)} f or all n}
For y ∈ R M we use the convention that y ∈ Θ implies that there exists a Voronoi tessellation Π(y) such that {Π(y) i , i = 1...N } ∈ Θ. Finally we can enunciate our theorem: Theorem 2.2. Let the vectors ω(n) ∈ R M ×N be updated by the Kononen algorithm (2.3.2)
if there exists a unique pointω = (ω 1 , ...ω N ) ∈ R M ×N such that for each y = (y 1 , y 2 , ..., y N ):
where the equality holds if and only if y i =ω i i = 1, ...N and :
then we almost everywhere have:
This theorem is interesting because the rate of decay of η(n) is the one used in simulations but it is still not enough because the full proposition should exclude the decays which are not used in the simulations i.e. the ones such that
This last condition is often required in the proofs of theorem about the convergence of Kohonen algorithm, but we have checked in our simulation that there is no convergence. For example if we use η(n) = 1 n the limit values of weights are not ordered at the end of the learning process for any initial condition (that is for any random choice of weights at the beginning of the algorithm). This result contradicts that one of Sadeghi ([23] ). In his paper he made a numerical check but it is not enough since he has proven directly only the convergence in mean and not the a.e. convergence and in addition in his simulation he started from ordered weights.
Remark 2.
Although the theorem is formulated in the multi-dimensional case we use it in one dimension because the condition (2.3.13) is not easy to check in the general case. For M = 1 it has been seen in the paper ( [25] ) that, if the distribution of the data is uniform and the data belong to the interval (0, 1), the clusters are intervals of amplitude 0.1 for N = 10. They are centered around the points (0.5, 1.5, .....). If the data are gaussian distributed, as in the biological case, there is no unique point satisfying condition (2.3.13) and other arguments must be used. We show in Section 3 that, choosing η(n) in a particular way, it is still possible to have a.e. convergence but there is no theorem justifying this result.
Proof
The proof goes like in the paper [25] . Let B be the pointω of the theorem, U ε (B) be the ε spherical neighborhood ofω, τ ( ) the first n for which the process ω(n) enters in U ε (B). Let σ n be the stopping time
The function W (n, σ n ) of the theorem of Nevel'son and Has'minskii for the case of the Kohonen algorithm is
In effect the condition (2.3.6) on the function W (n, ω(σ n )) is nothing other than the non negative super martingale condition, so if it is possible to show this condition it is possible to apply the convergence property of martingales. So we start proving:
The details of the proof can be found in ( [25] ) here we give the main results
Where:
since |Λ(v, i)| ≤ a, a ≥ 0, and where A is a positive constant such that :
so for (2.3.17),and the conditions (2.3.13) and (2.3.14) we obtain:
Hence, for n large enough, the sign of the term (2.3.16) is determined by the sign of g(ω(σ n )) and so we have:
From this inequality it follows that
is a non negative super-martingale . Since W (n, ω(σ n )) is a non negative super-martingale, from the theorem about martingale the limit exists almost everywhere, in addition, by the definition of the stopping time σ n and assuming that τ (ε) < C(ε) we have that
Hence we found the main inequality of the theorem of Nevel'son and Has'minskii :
From (2.3.13) we get that (2.3.5) holds
Thus we can apply the theorem of Nevel'son and Has'minskii, where Q = Q(ε, R), ( R > ε > 0) is some constant, ε is a small enough parameter, B ε = {x ∈ R N ×M such that x −ω < ε} is a spherical neighborhood of the limit point, where ρ(ω(n), B) = inf y∈B ρ(ω(n), y)
Now by (2.3.22) we have that when n → +∞ ω(n) →ω with probability 1. In fact, since lim
Thus we get: lim
In addition as it has been proven in ( [25] ), the algorithm will achieve the given accuracy ε within a finite number of updates, that is τ (ε) < C(ε).
Numerical studies
In this section we illustrate our numerical simulations about the convergence of the Kohonen algorithm. First we consider a uniformly distributed data set, then a normal distributed data set, all the data are one dimensional as we already said. We see that the algorithm does not even converge in mean ( and so also not a.e.) if:
1. η(n), the learning parameter, decreases too fast 2. The neighborhood functions ( Λ(i, v) (2.3) , or h(i, v, n) (2.3.4) ) have a range of action too small or too large.
In addition, although the learning parameter and the neighborhood function are optimally chosen, the convergence of the algorithm is slow and it needs a large number of iterations in order to have a good accuracy. So, when the data set is not large enough, it is useful to repeat the presentation of data several times in random order until we have a large data set.
In particular in the case of uniformly distributed data, chosen inside the interval [0, 1], we verify numerically that, having a large data set, choosing any neighborhood function and using as learning parameter η(n) = 1 n α with α ≥ 1 the algorithm does not converge in any sense ( for different initial choices of weights we have different outputs) and the weights are not ordered during the learning procedure . Instead using η(n) = 1 n α , with α ≤ 1 3 we have the convergence in mean. So the convergence property depends on the velocity of decay of η(n). In fact if η(n) decreases too fast, e.g. η(n) = 1 n α , with α ≥ 1, the updated weights change their values very little during the learning and so the algorithm is not able to find the final configuration of weights. η(n) ∼ 1/n is a too fast decay because after 100 iterations already the variation of the weights is very small and so there is no convergence while η(n) ∼ decreases less quickly ( it assumes values less than 0.01 from n > 10 6 ) and its velocity of decrease is sufficient to have the convergence. The choice of η(n) is basic not only for the convergence but also for accuracy. In fact we can have the convergence of the algorithm though the algorithm is not able to identify all the limit weights but only some of them. This happens when the weights are updated too fast in the last part of the learning procedure or when the range of η(n) does not cover all the interval (0, 1), for example when the range of η(n) is (0.5, 1). We analyzed the following η(n) :
(where η i and η f are respectively the initial and final value of the function η and n max the maximum number of iterations). For all these cases we have convergence in mean, but for each case there is a different accuracy . Choosing
we have convergence a.e. The values of the constants and the particular forms of the functions η(n) have been determined for satisfying the constraint 0 ≤ η(n) ≤ 1. Before explaining the reasons of this statement, we want to discuss the connection of the convergence with the values of the parameters. The choices of the parameters depend on the data distribution. For example for the case 3), in the case of uniformly and normally distributed data, generally we have convergence if we choose η i between 0.1 and 0.9 and η f between 10 −6 and 0.1; in the case 1) of the second list the range of η i is (0.1, 0.9). Instead for example with log-normal distributed data the range of η i is (0.4, 0.9) and of η f is (0.01, 0.1) in the case 3) and in the other case the range of η i is (0.4, 0.8) . After many simulations we saw that there is convergence in mean for η(n) such that:
instead there is a.e. convergence for η(n) such that 6 * log(n)
The convergence depends also on the values of parameters concerning the neighborhood function, that is the range of the action of the winner neuron which is determined by s in the case of Λ(i, v), and by σ i and σ f in the case of h(i, v, n). The choice of s depends strongly on the number 13 of weights we fix at the beginning and the number of iterations. For example using a data set of about 10000 uniformly distributed data if we choose η(n) = √ 6 * log(n)
, Λ(i, v) with s = 1 as neighborhood function and we want to find 30 groups we do not have the convergence (the weights are not ordered) but changing the value of s conveniently (in this case s ≥ 2) we obtain the convergence. If the data set is smaller than 10000, s is larger than the one of the previous example. In the case of the h neighborhood function the best choices of σ i and σ f are the following:
where N is the number of weights.
We have more than one choice for the parameters to obtain the convergence but different choices give different outputs. We illustrate some examples. Finding out 10 weights for a data set of 10000 uniformly distributed data, using η(n) = It is important to have the range that covers all the interval of the data set because otherwise we do not find the optimal partition. Since we know that for any data distribution the expectation of weights converges, a small range indicates that the network is able to find only some of the limit values of weights, in fact for the reported example,with N = 10, we know from [25] To be more precise if s is equal to N , the network generates N weights ( in this case N = 10) with the same value. The biggest range, in this case, is obtained with s = 1. If the number of weights increases the best choice of s is always the minimum values of s by which we obtain the convergence of the algorithm. For example in the case we search 50 weights the best choice is s = 3.
Summarizing to obtain the convergence we must choose η(n) with a convenient monotone decay and with a large range; in addition we must estimate the right parameters of the neighborhood function such that we have convergence and the maximum range for the weights values in order to determine the optimal partition of data set. As we said previously the error of the expectation of the weights varies for different choices of η(n), and for some choices of η(n) we have a.e convergence. This statement is based on the following analysis: we run the Kohonen algorithm 1000 times for different data sequences. We use at the beginning a set of uniformly distributed data of 4000 elements , then 10000, 20000, 30000, 60000, 120000, 150000 and 250000. This procedure has been done with all the mentioned η(n) and both Λ and h. At the end of algorithm running for each data set we have 1000 cases of weights limit values. The mean value of these cases actually converges to the centers of the optimal partition of the interval (0, 1) for all η(n) and for each neighborhood function. In addition the average error of limit weights, with respect to the exact values of the centers, decreases on increasing the number of iterations for η(n) = √ 6 * log(n)
and η i (1 − n nmax ) and any neighborhood function; but using Λ(i, v) the error decreases more quickly. Moreover the computing time of the algorithm using h is about 7 times longer than the one using Λ and the accuracy of weights on the boundaries is worse using h.
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The weights near the border are not updated symmetrically and so they are shifted inward by an amount of the order of 1 2 * N , where N is the number of weights in the case of Λ(i, v) while, using h, the weights which are shifted are 4, two for each boundary. Now we illustrate the quoted results. The following tables (1, 2, 3, 4) show the evolution of the error. In the first table there are the average errors of each weight using Λ as neighborhood function and 10000 uniformly distributed inputs; instead in the third table there are 60000 uniformly distributed inputs. In the second and in the fourth table it is shown the case of h as neighborhood function. The weights are N = 10, so the limit values , which are written in the firs column of every tables, are: 0.05,0.15,0.25,0.35,0.45,0.55,0.65,0.75,0.85,0.95 Table 1 : Mean error of each weight for 10000 iterations using Λ as neighborhood function.The η are shown in the first row. Table 2 : Mean error of each weight for 10000 iterations using h as neighborhood function.The η are shown in the first row.
We give some examples to illustrate the error evolution using η(n) = η i (1 − n nmax ) and η(n) = √ 6 * log(n) √ n+1
, the case of a.e. convergence. The tables 5 and 6 concern the application of the algorithm with 4000, 10000, 20000, 30000, 60000, 120000, 150000, 250000 iterations, which are written in the first column, and using Λ as neighborhood function As seen in the tables the error decreases faster using η(n) = η i (1 − n nmax ) and it decreases increasing the iterations; see the figures 4,5,6 and figures 7, 8, 9 . In some of these pictures there are the histograms of the limit weights values obtained running the algorithm 1000 times for different numbers M of iterations using every time a specific η(n). The histograms show Table 3 : Mean error of each weight for 60000 iterations using Λ as neighborhood function.The η are shown in the first row. Table 4 : Mean error of each weight for 60000 iterations using h as neighborhood function.The η are shown in the first row. err2  err3  err4  err5  err6  err7  err8  err9 Table 6 : Evolution of the mean error for each weight in the case of η(n) =
.err i means: mean error of weight i of the histograms tend to 0, each around a limit value of the weight, as we expect since we have a.e. convergence. There are only the histograms for η(n) = 1 log(n) as example of the convergence in mean since the other cases are similar. The velocity of convergence is very slow after 100000 iterations, it needs many iterations only to change one weight nearer to its limit value; so to construct the histograms with ten columns we need a huge data set. In addition in the pictures with the plot of medium error of each weight we can see that the error decreases always increasing the iterations only in the case of those η(n) which assure the a.e. convergence. Focusing the attention on the pictures of the error we see that from 150000 iterations in the case of η(n) = η i (1 − n nmax ) the error decreases very slowly and for the third and eight weight there is a little increase of error ∼ 0.002, it depends on the propagation of the error of the weights from the boundaries. and uniformly distributed data. The numbers on the x axes indicate the following iterations: 4000, 10000, 20000, 30000, 60000, 120000, 150000, 250000.
Before explaining our application of Kohonen algorithm to microarrays data, we make some remarks on the repetitions of data set presented to the network. This procedure is necessary because the data set is small for microarray data. The accuracy improves by increasing the number of samples and this technique does not change the limit if there is the almost everywhere convergence. To be sure we have done the same analysis shown above with a data set of 2000 elements repeated at the beginning 2 times, then 5, 10,15,30,60 and 125 so to have the same iterations of the previous analysis. The results are similar, that is we have a.e. convergence for the previous case of η(n), that is : and uniformly distributed data. The numbers on the x axes indicate the following iterations: 4000, 10000, 20000, 30000, 60000, 120000, 150000, 250000. 
Application to microarrays data
In this section we show how we have applied the Kohonen network to micro-arrays data set. Following our strategy we have made the cluster analysis of the data for each sample and compared the genes appearing in the nearby clusters, in this way we exploit the neat convergence properties of the one-dimensional case. The set of data we analyzed is the same as the one published in [30] where there is an exhaustive description of microarrays sample preparation. In brief total RNA (ttlRNA) was extracted and purified from mammary glands in control and transgenic mice. ttlRNA were pooled to obtain three replicates for the mammary glands of 2-week-pregnant WT BALB/c mice (wk2prg), of 22 week old untreated BALB-neuT mice(wk22nt), and of 22 week old primed and boosted BALB-neuT mice(wk22pb)and two replicates for the mammary glands of 10 week old untreated BALB-neuT mice ( wk10nt). Chips were scanned to generate digitized image and normal distributed data.The numbers on the x axes indicate the following iterations: 4000, 10000, 30000, 60000, 90000, 150000, 250000, 350000. data (DAT) files. DAT files were analyzed by MAS 5.0 to generate background-normalized image data (CEL files). Probe set intensities were obtained by means of the robust multi array analysis method ( [4] ). The full data set was normalized according to the invariant set method. The full-shaped procedure described by Saviozzi et al ( [29] ) was then applied. The resulting 5482 probe sets were analyzed by combining two statistical approaches implemented in significance analysis of micro-arrays ( [3] ): two classes unpaired sample method and the multi classes response test. This analysis produced We apply the Kohonen algorithm to the 2179 probe sets. Our main aim is to detect which genes are up-modulated in wk22pb respect to wk22nt and wk10nt. The first step is to implement the one dimensional Kohonen algorithm in Matlab and study its convergence putting inside as inputs data the 2179 expression levels of genes of any experimental group. In particular our set contains the log values of expression levels of genes, which are normally distributed in any experimental group; so,with regard the numerical studies done, we choose η i (1 − n nmax ), with η i = 0.8 because we have the almost everywhere convergence, and Λ as neighborhood function, since we have the best accuracy in this case. For each experimental group the input set Ω is only of 2179 elements so to improve the accuracy we repeat the data presentation set several times in different order. We present the data set 100 times, in such way the input set is almost 220000 patterns; in this case the mean error of weights is about 0.01 (as we have seen in our previous studies) and since the average variability of the expression levels of genes among the replicates is about 0.133, this error is acceptable. We run the Kohonen algorithm fixing N , the number of weights, equal to 30 and then we choose among the limit values found only those weights with a distance greater than two times the average variability of the expression levels of genes among the replicates. We select the weights in this way because otherwise the assignment of a gene to a particular cluster could be not unique. The choice of N = 30 has been done analyzing the distribution of the data and considering the variability of the expression levels of genes among the replicates. To obtain weights with a distance greater than two times the average variability of genes expressions we can fix also N = 15, but in this way we lose precision in finding weights at the boundaries of the data set interval. It happens because the data are normally distributed, therefore they are concentrated near the mean of the data set and more we move away from mean more the distance between weights increases, therefore it is better choosing more weights than those which have an optimal distance between them, such that it is possible to detect more weights at boundaries, since we want to find out up-modulated genes. Once we have found the limit weights values we separate the data into the identified clusters. This procedure has been done for every experimental group indexed by j ( wk10nti wk2prgj i = 1, 2; wk22nti wk2prgi ; wk22pbi wk2prgi i = 1, ..3), so we have eight classifications for each replicate. In addition we choose one of the 24 (8 for each replicate) sequences of limit weights and we separate the data of every experimental into the clusters identified by the chosen sequence. In this way we obtained 24 classifications for every sequence of limit weights (that are 24). Once we have obtained these classifications we improve the precision of assignment of genes considering their biological variability; therefore we have checked if the expression level of genes which lay on the boundaries of a cluster can be considered really belonging to that cluster or, because its variability, to its neighbor. In detail, if the expression of the genes, incremented of its biological error, is closer to the weight of its cluster than to its nearest weight, the assignment of the gene does not change, otherwise the gene is assigned to the cluster corresponding to its nearest weight. We can observe that, since the limit weights are ordered, the clusters, with which they are associated can be ordered in ascending way. Therefore in clusters related to high index we find genes with a greater expression level than in clusters with low index. For each replicates we select only those genes that are in clusters with high index for the classifications obtained respect the limit weights found analyzing the data of 
Conclusion
We have improved the theorem on the a.e. convergence of the Kohonen algorithm because we prove the sufficiency of a slow decay of the learning parameter, η(n) = ∞, similar to the one used in the applications. The theorem is not complete because we are not able to prove the necessity of such condition and future work should be concentrated on this point. But for doing such a research one has to find something functional more similar to the Liapunov functional than the one currently available. This could make it possible using some argument of convergence similar to the one used for the simulated annealing. We made also many numerical simulations of convergence in order to find the choice of η(n) which minimizes the rate of decrease of the average error and also for finding which version of the learning algorithm is better to use. We found that the optimal choice is: 6 * log(n) (n) + 1 ≤ η(n) ≤ η i(1 − n nmax )
The algorithm with Λ neighborhood function is better than the one using the function h since it has bad convergence properties. The latter one is commonly used in the simulations. After this detailed analysis we applied our optimal choice to the genetic expression levels of tumor cells. The 25 genes identified by us were also consistent with the biological events investigated by Quaglino ([30] ).
